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We use the T-duality transformation which relates M-theory on T
3
to M-theory on a
second T
3
with inverse volume to test the Banks-Fischler-Shenker-Susskind suggestion for
the matrix model description of M-theory. We nd that T-duality appears to be realized
as S-duality for U(1) N = 4 Super-Yang-Mills in 3+1D. We argue that Kaluza Klein
states of gravitons correspond to electric uxes, wrapped membranes become magnetic
uxes and instantonic membranes are related to Yang-Mills instantons. The T-duality
transformation of gravitons into wrapped membranes is interpreted as the duality between
electric and magnetic uxes. The equivalence of M-theory T-duality and SYM S-duality





During the past two years, a lot of evidence has been accumulating to indicate that
a consistent quantum theory (M-theory) underlies 11D supergravity [1,2]. Recently, an
exciting conjecture for the microscopic degrees of freedom of M-theory has been put forward
by Banks Fischler Shenker and Susskind [3]. The BFSS model incorporates in a natural
way the non-commutative nature of microscopic space time [4] and the quantization of the
membrane [5].
The authors of [3] have shown how their model could pass many tests: the existence of
a membrane state, scattering of gravitons, the holographic picture of the universe, toroidal
compactication and 11D Lorenz invariance. Among the listed open questions are: a
general description of compactication, a description of a transverse 5-brane (a recent
description of a 5-brane that spreads in the longitudinal direction has been given in [6])
and a complete proof of 11D Lorenz invariance (a suggestion in this direction has been
made in [7]).
The purpose of the present paper is to pass M(atrix)-theory through one more test
{ T-duality. T-duality relates compactied type-IIA to compactied type-IIB so in order
to get an \auto-morphism" of M-theory we need to compactify type-IIA on T
2
and apply
T-duality twice. One nds a connection between M-theory on T
3
with volume V and M-
theory on T
3
with volume 1=V . In the process, wrapped membrane states are exchanged
with Kaluza-Klein states of the graviton and unwrapped membranes become wrapped
5-branes.
To appreciate the importance of the T-duality test we note that in a model that
correctly accounts for it all the microscopic behavior can be mapped to behavior at large
distance (not necessarily low-energy, though). Thus, if there are no divergences related
to large distance there should not be any small distance divergences either. Moreover
{ gravitons, membranes and 5-branes are all transformed into one another by T-duality.
Understanding one of the three will yield a description for the others.
Our test begins with a review of the M(atrix)-theory description of toroidal compact-
ication given in [3,8]. The resulting model is a large N limit of U(N) Super-Yang-Mills
theory. We recast the derivation in a slightly dierent language and explain how twisted
sectors of the U(N) bundle appear. We then argue that T-duality is realized as S-duality
in the SYM theory and graviton , membrane duality is related to electric , magnetic
duality. Finally we discuss the implications for the search of a 5-brane wave-function.
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The paper is organized as follows: Section (2) is a review of toroidal compactication
of the M(atrix)-model. In section (3) we relate S-duality of N = 4 SYM to T-duality. In
Section (4), the transformations of gravitons into membranes in M-theory are discussed.
In section (5) we relate membranes to magnetic uxes and gravitons with KK momentum
to electric uxes and in section (6) we use the interpretation of the membranes in terms of
magnetic ux to obtain the energy and counting of membrane states. We also relate the
Yang-Mills instanton to a Euclidean membrane.
2. Review of Compactication
The super-selection sector which corresponds to the toroidal compactication of M-
theory on T
d
is obtained as follows [3,8]. One picks innite unitary matrices U
i
for i =










and generate a subgroup of U(1) isomorphic to Z
d
.





















is a basis of the lattice whose unit cell is T
d
. It was shown in [8] that if one
thinks of the (N =1)-dimensional vector space where the X
i




















































If one restricts the Lagrangian to the submanifold that obeys (2.2) one obtains the La-



































The coupling constant is the volume of T
d
and the (d + 1)-dimensional theory is dened





For later use, we will recast the derivation in a dierent language. We note that the
resulting matrix X




























































































is obtained by writing r
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From (2.5) it is clear that if we also take X








are the scalar elds of SYM, then the BFSS Lagrangian will reduce to the SYM
Lagrangian.
3. Checking T-duality
A non-trivial duality of M-theory is obtained by compactifying on T
3
, regarding the
theory as type-IIA on T
2
and T-dualizing twice (once along each direction of the T
2
). The
full U-duality group is generated by this T-duality and relabeling of the T
3
base vectors
(i.e. 11D Lorenz invariance) [9].
4
3.1. Review of T-duality for M-theory
We will be using units in which the eleven dimensional Planck scale l
p
= 1. T-
duality on M-theory is obtained from the relations (here G

is the metric in coordinates
0; : : : ; 6; 11. Note that our space-time coordinates are x
0




































together with type-IIA T-duality twice (here l
i


































































switched but in (3.3)
we have combined a reection). This can be generalized to slanted T
3












T-duality also acts non-trivially on D-brane states. Let us denote the internal torus
in directions 7; 8; 9 by T
3


























) to be relatively prime) is transformed by T-duality to a state with
a membrane. The membrane is wrapped on the plane orthogonal to ~p in the original
T
3
. This is easily seen by regarding the theory as type-IIA on T
2
and using the T-
duality transformations of Dirichlet p-branes into Dirichlet (p  2)-branes together with
the identication of a D2-brane of type-IIA with a membrane of M-theory and a 0-brane
of type-IIA with a KK state of a graviton.
Next, let us take a membrane wrapped on, say, the 8-9 directions and with momentum
along the 7th direction. Regarding it as an elementary string of type-IIA wrapped on the
8th direction and with momentum along the 7th direction we see that after T-duality it
becomes a string wrapped on the 7th direction and with momentum along the 8th direction
5
{ so in M-theory it is a membrane wrapped on the 7-9 directions and with momentum along
the 8th direction.





























are integers, not all zero) becomes








We note that all these formulae are symmetric with respect to the 3 directions of
the T
3
{ as they should. This symmetry is manifested in the fact that both membrane
winding number and Kaluza-Klein momentum are parameterized by a vector in the dual




). T-duality exchanges the winding with the KK momentum.
Finally, we can take a membrane that is spread in two non-compact directions, say
5; 6. Regarding it as the D2-brane of type-IIA, it becomes the D4-brane after T-duality.
Since the D4-brane is a 5-brane of M-theory wrapped on the 9th direction, we see that a
non-wrapped membrane becomes a 5-brane that is wrapped on all of the T
3
[10].
3.2. T-duality in the Matrix model
We have seen that M-theory on T
3

















































































where C is the 3-form VEV on T
3








are rescaled by (Im )
2=3
without









of volume 1. This has to be accompanied




. The S-dual X

should thus be rescaled by
V
 1=3
















4. T-duality action on branes
In this section we examine how the action of T-duality on states is manifested in the
Matrix Model. Since S-duality replaces electric and magnetic uxes, a natural guess is
that electric (magnetic) states correspond to 0-brane (membrane) states.
We have seen in section (3) that both the winding number of a membrane and the KK





T-duality exchanges the winding and the momentum. Electric and magnetic uxes are
also parameterized by vectors in the dual lattice. Their exchange under S-duality accords
with their identication with branes. We shall now examine the correspondence in more
detail.
4.1. Review of electric and magnetic uxes
We recall that U(1) is a normal subgroup of U(N) and
U(N) = (U(1) SU(N))=Z
N












we can have non-trivial















; U; V 2 SU(N):




be x; y with period 2. The bundle is dened by the boundary
conditions






(x+ 1; y) = V
 1
(x; y + 1): (4:1)













4.2. Fluxes and compactied M(atrix)-theory
The membrane of [3] naturally becomes a state with magnetic ux after compacti-
cation. To begin with, we show how the twisted U(N) bundles are obtained from the






at the end of section
(2) suggests the we write the same operator as a matrix acting on sections of the twisted
bundle. Let's nd a complete basis of sections of the twisted bundle. Working on T
2
and
taking the sections in the fundamental representation:































































The expansion of 
k






















the space on which X





(IR) we can nd
a countable basis as before).
Writing X









































































Here  1 < w;w
0
<1 are related to the
^
(w) sub-indices and k; l are U(N) indices (taken







































































. As N  N matrices they are dierent from those for the untwisted sector because
they act on sections (4.5) rather than functions. Thus there are several ways to embed Z
d
subgroups which are not mutually conjugate.












and in the sector with one unit of ux, B
12
is the scalar matrix 2I.





, we take a vector space (on which X

will act) that is a product of a nite








Note the dierence between (4.9) and (2.3) { here we use only one (rather than two) innite
space for compactication on T
2

























commute and one can check that the expansion of (2.2) agrees with (4.6).
Next we show the relation between electric ux and graviton states.











































where Tr is the trace in the N N basis of the matrix model. Thus, electric ux in SYM
naturally corresponds to momentum along the i-th direction of the T
3
in M-theory.
It is also interesting to note that a KK momentum of a membrane can be interpreted
as a magnetic ux in the low-energy world-volume theory of the membrane. Let's take a
membrane that is wrapped on directions 8   9 and with KK momentum in direction 10.
The scalar eld 
10
which lives on the membrane world-volume theory and denotes the



























which is the magnetic ux.
5. More on membranes
In this section we bring further evidence in favor of the identications between mag-
netic ux and Lorentzian membranes. We also propose a connection between Yang-Mills
instantons and Euclidean membranes.
5.1. Energy and counting of wrapped membrane states.
Consider M theory on T
2
. We would like to calculate the energy of the membrane
using the fact that the membrane states correspond to states in the sector with non-zero
magnetic ux in the U(1) subgroup. The fact that the magnetic eld strength is coming









is necessary to make a constant magnetic eld, but will not aect the quantization of the




front of the action, the unit of ux is
Z
trB = 2: (5:2)
Taking B of the form B
0

































































As in the discussion of the membrane tension in [3], the energy of the membrane in


















































is the momentum along X
11
. The energy of the
state with magnetic ux in the large N U(N) Yang Mills is interpreted as the excess kinetic




due to the momentum
along R
11
to the kinetic energy. This explains why the square of the area appears in the
























should have one BPS multiplet with the quantum numbers of an
n-wrapped membrane. This is known [14] by using the relation between M theory and
type II strings. In the context of the relation between M theory and large N U(N) Yang
Mills, and the above description of membrane winding number as the magnetic ux in the
U(1) we can argue that this is the right counting. So we need to know the number of
states coming from large N U(N) Yang Mills which sit in a 2
8
dimensional representation
of supersymmetry and carry n units of magnetic ux. Following arguments in [4] and in
[12], precisely this Yang Mills question arises if we want to count the number of bound
states carrying N units of 2-brane charge and n units of 0-brane charge in type-IIA theory.
We know that the unique bound state [15] of N type-IIA 2-branes can be given n units of
momentum along the eleventh dimension. We conclude that there should be a unique 1=2
BPS saturated state coming from the sector with n units of magnetic ux in U(N) Yang
Mills. This statement in the large N limit shows that M theory on T
2
has exactly one BPS




Since Lorenz invariance is not manifest in the BFSS formulation, it is interesting to
check what an instantonic membrane looks like. Since the Minkowski metric is crucial to
the IMF formulation, we will think of a Euclidean membrane as a transition between two
dierent vacua which we will soon identify. Let's take a Euclidean membrane that wraps
all of T
3
. Since it is localized in directions 1 : : :6, the corresponding SYM solution must
have all six adjoint scalars set to a scalar matrix, say:

1
=    = 
6
= 0:
This allows for an ordinary Yang-Mills instanton solution in the gauge elds. It is thus
tempting to guess that a fully wrapped membrane corresponds to a transition between two
vacua which dier by a large gauge transformation related to 
3
(U(N)). In favor of this
claim we recall from (3.4) that the -angle is related to C
7;8;9
. A membrane instanton that
wraps T
3














changes by one unit. If we replace
d
dt
 by the dual variable { we nd that in the SYM





agrees with the action V
7;8;9
of the membrane instanton.
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6. Conclusions
We have seen that T-duality is realized in a natural way in the M(atrix)-theory of
BFSS as S-duality of U(N) N = 4 Yang-Mills theory. The weak/strong coupling dual-
ity is mapped to large/small volume duality and the electric/magnetic duality is mapped
to graviton (0-brane)/membrane duality. We have also seen that there are dierent in-
equivalent embeddings of the Z
d
symmetry group of translations in the BFSS model. The
dierent embeddings give rise to dierent U(N) bundles in the SYM theory.
As an application of these results one might try to learn more about the wave-function
of the 5-brane. There has been a recent suggestion for a description of a state with a 5-brane
that spreads along the light-cone directions x

(and four more directions) [6]. Nevertheless,
a description of a 5-brane that occupies ve transverse directions and is boosted along the
BFSS preferred direction has not been written down yet.
Since T-duality transforms a 5-brane that wraps T
3
into a membrane that is un-
wrapped we can write down the wave-function of a wrapped 5-brane as
j5  brane; i; j; 7; 8; 9i = Sjmembrane; iji (6:1)





(two of the six adjoint scalars) have condensed in the form

i





where P;Q are canonical 11 matrices.
The usefulness of formula (6.1) is, of course, pending the discovery of the explicit
form of the S-duality operator S and its generalization to U(1). Once we have the wave
function of the 5-brane on T
3
we can decompactify to 11D M-theory.
From (3.6) we see that this is done by taking the coupling constant of SYM to zero.
At rst sight one might worry that this gives a classical theory. However, we must rst
take N ! 1 and only then take g ! 0. Since the eective coupling constant is g
2
N we
see that perturbative SYM is always out of the question.
The fact that a membrane can end on a 5-brane [16] can be deduced from T-duality
and the low-energy properties of the membrane. To see this we take again M-theory on
T
3






















































































































note that the connection between the two membranes is continuous (this conguration was
also used in [17]). Although the geometrical picture is suggestive, the curvature of the 2-
brane at the connection is singular. It would be interesting to reproduce this conguration
as a solution to the matrix equations of motion.
It might also be interesting to study a membrane that ends at a point in time where
an instantonic 5-brane appears, since the operator that creates a membrane is a `t Hooft
loop in the Yang-Mills description.
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